




























Solution of Free undamped vibration for a SDOF system Support movement of structures

General equation of dynamic equilibrium: Definitions:
0  = M x''(t)  + K x(t) Term Definition Unit Term Definition Unit

Definitions: x(t) Displacement of system m xs(t) Displacement of support m

Term Definition Unit Formula x'(t) Velocity of system m/s xs'(t) Velocity of support m/s

M Mass kg x''(t) Acceleration of system m/s2 xs''(t) Acceleration of support m/s2

K Stiffness N/m Term Definition Unit Formula

 Natural frequency of system rad/s √ ( K / M ) u(t) Displacement of system relative to support m x(t)  - xs(t)
x0 Initial displacement m u'(t) Velocity of system relative to support m/s x'(t)  - xs'(t)

x0' Initial velocity m/s u''(t) Acceleration of system relative to support m/s2 x''(t)  - xs''(t)
Solution: Undamped system: M x''(t)  + K x(t)  = K xs(t)

x(t)  = x0 cos  t  + x0' sin  t M u''(t)  + K u(t)  =  - M xs''(t)
 Damped system: M x''(t)  + C x'(t)  + K x(t)  = K xs(t)    +          C xs'(t)

 = xmax cos (  t  + θ ) where θ is a phase angle M u''(t)  + C u'(t)  + K u(t)  =  - M xs''(t)
and xmax  = √ x0

2  + ( x0' / ω ) 2
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Solution of Free damped vibration for a SDOF system

General equation of dynamic equilibrium:
0  = M x''(t)  + C x'(t)  + K x(t)

Definitions:
Term Definition Unit Formula

C Damping coefficient Ns/m
Ccr Critical damping coefficient Ns/m  2 M ω Or  2√ ( K M )

ξ Damping ratio C / Ccr

D Damped natural frequency   √ ( 1 - ξ2 )

Case: 1 ξ  < 1 C  < Ccr Under Damped System
x(t)  = e-ξωt x0 cos D t  + x0' + x0ξω sin D t

D

Ratio of two successive peaks: xmax1  / xmax2  = e2πξ

Case: 2 ξ  = 1 C  = Ccr Critically Damped System

x(t)  = e-ωt x0 ( 1 +  t )  + x0' t
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Solution of Forced undamped vibration for a SDOF system Solution of Forced damped vibration for a SDOF system
General equation of dynamic equilibrium:

F(t)  = M x''(t)  + K x(t)
Case: 1 Constant force function General equation of dynamic equilibrium:

F(t)  = M x''(t)  + K x(t)  = P0 F(t)  = M x''(t)  + C x'(t)  + K x(t)
Solution Case: 1 Constant force function

P0 F(t)  = M x''(t)  + C x'(t)  + K x(t)  = P0

K Solution
Case: 2 Sinusoidal (harmonic) force function P0

F(t)  = M x''(t)  + K x(t)  = P0 sin  t K
Solution Case: 2 Sinusoidal (harmonic) force function

P0 1  F(t)  = M x''(t)  + C x'(t)  + K x(t)  = P0 sin  t

K 1- ()2  Solution
Steady state Transient sol. P0 1

DLF max.  = 1 K √ [ 1- ()2 ]2
 + [ 2ξΩ/ω ]2

1- () for total response where θ is a phase angle Steady State only
DLF max = 1 DLF max = 1

[ sin (t+θ) ]
( )

sin t ]
x(t)  = ( )

x(t)  = ( ) [ sin t  - ( )

e-ξωt ( cos ωt + ξ sin ωt ) ]x(t)  = [ 1  - 

)x(t)  = ( 1  - cos t 

DLF max.  = 1 DLF max. = 1

1- ()2
for steady state only √ [ 1- ()2 ]2

 + [ 2ξΩ/ω ]2

At resonance, ω = Ω DLF max.  =  1  / 2ξ
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Buckling load of member hinged at both ends (Euler load)
Term Definition Unit
PEuler Euler buckling load. is the load at which a member hinged at its two ends buckles 

E Young's modulus Pa
I Moment of inertia m 4

L Length of member m
   PEuler  =  2 EI / L 2

Slope-deflection coefficients for members subjected to axial forces:

    M1 = s (EI/L)   M2 = sc (EI/L)

P P


    M1 = s" (EI/L)

P  P



Stability Coefficients
ρ s c s" ρ s c s"

P/P Euler P/P Euler
0.0 4.00 0.50 3.00
0.1 3.87 0.53 2.80 1.1 2.28 1.11 -0.54
0.2 3.73 0.56 2.58 1.2 2.09 1.25 -1.18
0.3 3.59 0.59 2.35 1.3 1.89 1.43 -1.95
0.4 3.44 0.62 2.10 1.4 1.68 1.66 -2.93
0.5 3.29 0.67 1.83 1.5 1.45 1.98 -4.23
0.6 3.14 0.71 1.54 1.6 1.22 2.44 -6.05
0.7 2.98 0.77 1.22 1.7 0.98 3.18 -8.86
0.8 2.82 0.83 0.86 1.8 0.71 4.52 -13.85
0.9 2.64 0.91 0.46 1.9 0.44 7.71 -25.55
1.0 2.47 1.00 0.00 2.0 0.14 25.24 -88.86

ρ s c s" ρ s c s"
P/P Euler P/P Euler

2.1 -0.18 -20.69 3.1 -6.06 -1.31
2.2 -0.52 -7.46 3.2 -7.31 -1.24
2.3 -0.90 -4.61 3.3 -8.88 -1.17
2.4 -1.30 -3.36 3.4 -10.93 -1.12
2.5 -1.75 -2.67 3.5 -13.75 -1.08
2.6 -2.25 -2.23 3.6 -17.92 -1.05
2.7 -2.82 -1.93 3.7 -24.78 -1.03
2.8 -3.45 -1.71 3.8 -38.38 -1.01
2.9 -4.18 -1.54 3.9 -79.14 -1.00
3.0 -5.04 -1.41 4.0 -798.48 -1.00
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