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Single degree of freedom

[ 1] Free Undamped vibration : o << J| l:)":" "3.“ Lydo
F(t)=0 & C O_’_|u¥-Ia.9.9.Ia.ﬁ.>Lu.alc.
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Where :
®w —>»  Natural frequancy
K — Stiffness
M —> Mass

U((t)=U, Coscot+U Sin ot

Amplitude = U 4 = / (Ug)+ (T'O)2
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[ 2 ] Free damped vibration :

F(t)=0 & C+0
MX"+CX'+KX=0

Where :

_ cC  C
C_2@111\4_(:@

C = Damping constant

{ = Damping ratio

Ccr= Critical Damping constant

U(t)=e 5ot (U,Cosmyt+ L0 +@CDO)“ Yogin o,t)

® p= Natural frequency ?f damped system On= %
Op=®, X m free undamped
T p= Natural period of damped ?ystem Th= %Dnn
. T, o free undamped
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| 3 ] Forced undamped vibration : ( harmonic force ) :

F(t)#0 & C=0
MU"+KU=F(t)

F(t)=P,SinQt & C=0

P(t) MU"+KU=PoSinQt
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Y T = Periodic time for load
Q) = natural frequency for load




Py 1

U(t)=—¢ Oy (SinQt- <2 Sinwt)
P @
U(t)=—2 L (SinQt-BSinwt)

K1y

Where :

o — Natural frequancy for the structure's displacement

|

Natural frequancy for the load

T —  Periodic time for the structure's displacement
T —  Periodic time for the load

_Q -
B=w —— Frequency ratio

(P,/K) —— Static displacement

Py
Umax. = K (DLF )max.
( D.L.F )max. = (Rd)= IQ for total response
max. 1 - (—03—)
| oo N o 1 ‘ 1 '
( D.L.F )max. =(Rd) = IQ for steady state S 9
max. 1 - (W)z Steady State «sf ‘_;J.o

max. equivalent static force =K * ( U ) max.




[ 4 ] Forced damped vibration ( harmonic force ) :

F(t)=P SinQt & C#0
MU"+CU +KU=PoSinQt

P(t)

A

Po———

) L/ i\/ﬂ (t)
= o |

Y T = Periodic time for load l——(Bfl )
Q) = natural frequency for load i D.L.F
r— - - T T T T T T T T T T T T T !
P, | 1 _ |
U=~ | Sin(Qt+®d) |
-+ (20 |
Ly - |
Where :
_2GP
® — Phase angle Tan @ = - B2
B= 8 — Frequency ratio
P,
U max. :TO( D.L.F ) max.
1
( D.L.F ) max. = (Rd) max. = 3 o
JO-GEhe P+ (2l y
At Resonance (Q2=w® ) -------- (D.L.F ) max.=Rd max.=(1/2¢()
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Moaximum displacement

1— Free undamped —> A 0z = \/ (Uo)’+ ( %0—)2

2— Free damped —> lulus (Se S8 5 Uolew L) yud
ddoledd) elyal (5L daoglecws oleddl odn o
U 2RmC AU(t)m
m
Un+m U’n 2
i, Un+3
r >

YAAA

3— Forced undamped (Constant force)

A oz, = - D-LFyar = 2 % Raye,, = & * 2

v

4— Forced undamped (Harmonic force) (Steady state)

_ _P _ _P _ P, 1
A mag. = g D-L-lites. = b+ Rawer = 3+ =gz
p=&

Forced undamped (Harmonic force) (Total response)
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5— Forced damped (Harmonic force) (Steady state)
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GROUND ACCELERATION
, Utotal(t) |

—Ug(t)—U(t) #
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MU"total(t)+ KU (t)=0

M[Ug"(t)+U"(t)] +KU(t)=0

MU"(t)+KU(t)=-MU"g(t)

Da’mpi’ng Jﬁ.}ﬁ UL‘x Gj L)

MU" (t)+CU@®)+KU(t)=-MU"g(t)




Ul oI 8 law Jealan (U

K KN/m t./m (ton/m)
C N.sec/m KN.sec/m t..sec/m

M [N.sec’’m (Kg)| KN.sec*’m (t) | t;.sec*’m

® rad/sec rad/sec rad/sec

X m m m

X' m/sec m/sec m/sec

X" m/sec? m/sec? m/sec?

Units  JI

9.81 yle pnaBston JLmass ) G kNJLweight JI (o Js 525l

9.81 U«J.c[..u..;é.. kg JLmassJl JI N JLweight JI yo )il



NEWMARK ACCELERATION METHOD
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Linear acceleration method

5=1/2 B=1/6

Average acceleration method .E
0=1/2 B=1/4
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MULTI DEGREE OF FREEDOM SYSTEMS

OR
Genralized Single degree of freedom system

(M*) X"+ (C*) X'+ ( K*) X= P*(t)

Where :

L
M* = generalized mass = ,/ m , P2 dx+Z (Mx P?)
m = distributed mass & Y = shape function & L =length
M = Concentrated mass

L 2
K* = generalized stiffness :oj EIl. ¥} dx+X(Kx¥?)
X" = acceleration , X' = velocity , X = displacement

E = modulus of elasticity , | = moment of inertia

K*
® =/ 3E & T=(2n/m)
P* = generalized force = OLI p ¥ dx + X(PxVY)
Where :
p = distributed force , P = Concentrated force

For frames

K*= Generatized Stiffness = 3, K; x ( \I’i—\P,;_,)z

Umax (atx=v") =Zmaxx ¥ (atx =v")

Mmax (atx=v")=-EIU" (atx=v") =-El [P"(atx =y Zmaxg




Force JI  ground motion JI Ul 4

SERTNTS
L*=[§Imxt}f X+Z(Mx¥)]

LT / L3







Solution of Free undamped vibration for a SDOF system

General equation of dynamic equilibrium:

0 = M x"(t) + K x(b)
Definitions:
Term Definition Unit Formula
M Mass kg
K Stiffness N/m
® Natural frequency of system rad/s m )
Xo Initial displacement m
Xo' Initial velocity m/s
Solution:
x(t) = Xg cos @t + Xo' sin - @t
[ (——) |
= Xpax cos( Ot + 0 ) where 0 isaphase angle
and Xy R + (x'/w)

Support movement of structures

Definitions:

Term Definition Unit Term
x(t)  Displacement of system m X4(t)
x'(t)  Velocity of system m/s X4'(t)
x"(t)  Acceleration of system m/s’ Xs"(t)

Term Definition
u(t)  Displacement of system relative to support
u'(t)  Velocity of system relative to support
u"(t)  Acceleration of system relative to support

Undamped system: M x"(t) + K x(t)

M u"(t) + K u(t)

Damped system: Mx"t) + Ccx'(t) + K x(t)

Mu'(t) + Ccu'(t) + K u)

Definition

Displacement of support

Velocity of support

Acceleration of support

Unit

m

m/s

K X (t)
-M X"(t)
K x4(t)
-M X,"(t)

Formula
(1)
X(1)
x"(t)

+

Unit

2
m/s

- Xs(t)
- X'
- X"

C x/(t)

Solution of Free damped vibration for a SDOF system

General equation of dynamic equilibrium:

0 = Mx"t) + Cx'(t) + K
Definitions:
Term Definition
C Damping coefficient
Ce Critical damping coefficient

é Damping ratio

Op Damped natural frequency
Case: 1 E < 1 C <Cq
-5wt
x(t) = ¢ [ Xo cos Opt +
Ratio of two successive peaks:  Xmax1 /  Xmax2
Case: 2 EJ = 1 CcC =C,
-Wt
x() =¢ [XO<1+ ot) +

x(1)
Unit Formula
Ns/m
Ns/m 2Mwo Or 2¥(KM)
C/C,
oV (1-8)
Under Damped System
Xo' t XoE® sin Opt
(———) ]
®p
_ eZné

Critically Damped System

]

XO' t




Solution of Forced undamped vibration for a SDOF system
General equation of dynamic equilibrium:

F(t) = M x"(t) + K ox(t)
Case: 1 Constant force function
F(t) = M x"(t) + Kx(t) = P,
Solution
Py
x(t) = —_— 1 - cosot
( — )
Case: 2 Sinusoidal (harmonic) force function
F(t) = M x"(t) + Kx(t) = Py sin Qt
Solution
Py 1 Q
x(t = —_— sin Qt - —— ) sinot
(®) « (Tos ) [ (—) ]
Steady state Transient sol.
DLF max. = ( 1
I- (Qw) for total response
DLF max. = 1
( 1- (Y (1))2 for steady state only

Solution of Forced damped vibration for a SDOF system

General equation of dynamic equilibrium:

F(t) = MX"(t) + CX(b) + K ox(t)
Case: 1 Constant force function
F(t) = Mx"(t) + Cx(b + K x(t) = Py
Solution
P
Xt = —KO [ 1 - ( coswt+&sinat ) ]
Case: 2 Sinusoidal (harmonic) force function
F(t) = Mx"(t) + Cx(b + K x(t) = Py sinQt
Solution
Py 1
(1) ( V- Qo) T T [220w] ) [ sin (Qt+0) ]
where 0 is aphase angle Steady State only
DLF max. = 1
3 [1-( Qo) T + [2Q0w] )
At resonance, w=0Q DLFmax. = 1/ 2&




Genralized Single degree of freedom system
(M*)U"+ (C*) U +( K*)U= P*t)

Where :

L
M* = generalized mass = ,J m , P% dx+ X (M x P?)
m = distributed mass & Y = shape function & L =length
M = Concentrated mass

L 2
K* = generalized stiffness = JEL, P! dx+X (Kx¥?)
X" = acceleration , X' = velocity , X = displacement

E = modulus of elasticity , | = moment of inertia

x
® =,/ 11\</[* & T=(2n/m®)

L
P* = generalized force = oI p ¥ dx + X (PxV¥)

Where :

p = distributed force , P = Concentrated force

For frames

K *= Generalized Stiffness =L K; x (Y, _‘P'—f)z




Newmoark acceleration method

/\_ 6 1

/\
AP — AP m OcC 7p0 [ M 0 _ =
P, P°°+[[3AT+ 3 ]U%+[2B+At(zﬁ 1) CJUu;
/\
AP
AU = —
K
A AU; U; Us

T Batt pay 2B
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O ) e
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FORMULAS Page

Buckling load of member hinged at both ends (Euler load)

Term  Definition Unit
Peuer  Euler buckling load. is the load at which a member hinged at its two ends buckles
E Young's modulus Pa
I Moment of inertia m*
L Length of member m
Pewer = ®2 EI/L?

Slope-deflection coefficients for members subjected to axial forces:

M1=s(EIL) 0 \ / M2 = sc (EI/L) 0

0

M1=s" (EI/L) 0 \

Y A




Stability Coefficient:

p S c S
P/P Euler
0.0 4.00 0.50 3.00
0.1 3.87 0.53 2.80
0.2 3.73 0.56 2.58
0.3 3.59 0.59 2.35
0.4 3.44 0.62 2.10
0.5 3.29 0.67 1.83
0.6 3.14 0.71 1.54
0.7 2.98 0.77 1.22
0.8 2.82 0.83 0.86
0.9 2.64 0.91 0.46
1.0 2.47 1.00 0.00
p S c s"
P/P Euler
2.1 -0.18 -20.69
2.2 -0.52 -7.46
2.3 -0.90 -4.61
2.4 -1.30 -3.36
2.5 -1.75 -2.67
2.6 -2.25 -2.23
2.7 -2.82 -1.93
2.8 -3.45 -1.71
2.9 -4.18 -1.54
3.0 -5.04 -1.41

p S c S
P/P Euler
1.1 2.28 111 -0.54
1.2 2.09 1.25 -1.18
1.3 1.89 1.43 -1.95
14 1.68 1.66 -2.93
15 1.45 1.98 -4.23
1.6 1.22 2.44 -6.05
1.7 0.98 3.18 -8.86
1.8 0.71 452 -13.85
1.9 0.44 7.71 -25.55
2.0 0.14 25.24 -88.86
p S c s"
P/P Euler
3.1 -6.06 -1.31
3.2 -7.31 -1.24
3.3 -8.88 -1.17
3.4 -10.93 -1.12
3.5 -13.75 -1.08
3.6 -17.92 -1.05
3.7 -24.78 -1.03
3.8 -38.38 -1.01
3.9 -79.14 -1.00
4.0 -798.48 -1.00
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