Gia trj 16n nhat va nho nhat Nguyén Phi Khanh — Pa Lat

GIA TRILON NHAT VA GIA TRINHO NHAT CUA HAM SO

TOM TAT LY THUYET

e Hamsb f(x) xac dinh va c6 lién tuc trén doan [a;b} thi f'(:p) xac dinh trén khoang (a;b) .
e Hamsb f(x) xac dinh va c¢6 lién tuc trén nira doan [a;b) hay (a;b} thi f'(:v) xac dinh trén
khoang (a;b).

e Ham sb co thé khong dat gia tri 16n nhét hodc nho nhét trén mot tap hop s6 thuc cho trude .

o maxf () = ma{f(a) £ (5,). 1 () f ()1 (2)]

o min £ () = min {£(e).f (). (2,) £ (). £ ()

zeD

o Mmaxf(x)@{

. mminf(x)@{

CAC BAI TOAN CO BAN
Vidu I:

Chirng minh rang : 1 _ 1 + 1 I 1 _ 2001
31+V2) 5(2+v3) T3 +44) 4003(,/2001 + J2002) 4006

N—ooo

Giai :
Xét ! _(nt1-Vn) n+ —ﬁ_l(i_ 1 ]
(2n+1)(\/g+\/n+1) Jan? +4n +1 2¢n(n+1) 2 Jn o An+i1
1 1 1 1 1 1 1 1
Vay:S <—|1 —+———+...+———]:—[1——J
2[ 3 J3 s n Nn) 20 Jn+1
252<1 L<1 2 =1- 2 :>S"< n
Van + 4 n® +4n + 4 n+2 (n+2)
2 2001 2001
n=2001:>252001<1——:£:> 2001<ﬂ
2003 2003 4006
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Gi4 tri 16n nhat va nho nhat Nguyén Phi Khanh — Pa Lat

Vidu 2:

Choz .z .27, .

19Ty Lgy Tyeney Toyyoo = 2009. Tim gia tri nho nhat cua bi€u

thoaman‘ ‘+‘ ‘+ +‘2008‘

thic B =z, — 1|+ |x2—1|+...+| Tys 1|
Giai :
Van dung bt dang thirc |a — b| > [a| - [b|. Déu " = " xay rakhi ab >0
5, =1 2[5 -1
7, =12 5,1
Lygos _1‘ ‘xzoos‘ -1

:E:‘xl—1‘+‘x2—1‘+...+‘x —1‘2‘xl‘+‘x2‘+...+‘x —1+1+...+1
%f—/

2008 sol

2008 2008 ‘

Hay E > 2009 —2008 =1

Déu n_n Xéyrakhi 331,182,:33,33 ) 2008 - O
2] + [z, + -+ [0 = 2009

Vay min B =1 khi {, /20 fos n

' | IM T|+ o+ [, = 2009
Vidu 3:

[[ Tim GTNN ciia biéu thic P(z,y) = 2° +y> =22+ 2y + 7. ]]
Giai :
Taco P(z,y)=(x -1 +(y+1’+5>5 Va,y e R

. r=1
Dau " =" xay ra khi

y=1

Vay min P(z,y) = 5 khi (:(:,y) = (1;1)

Vidu 4:

[[ Cho 2z +2y — 2z —9 = 0 . Tim GTNN cta biéu thic P = (1-z)* +(2-y) + (3 -2)". ]]
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Giai :

Trong khong gian Ozyz ta xét diém A(1;2;3) va mat phang (0() 20 +2y—2-9=0
Néu M(az;y;z) € (a) thi AM?> =(1-x)+2-y)’+(3-2)

2+4-3-9 ) ) )
Ma AM > d(4;a) = =2nén P=(1-2)+2-y)+(3-2) >24.
4+4+1
Dau " =" xay ra khi M(:E;y;z) 1a chan duong vudng goc ha tir A<1;2;3) 1én mat phing (0{)

Viay min P = 4.

Vidu 5:
K’Fim GTNNCcia biéu thic \
2
AT H3TES oy
(z -1)
2_
Bzw(mﬁn
T —-2x+1
k]\f:\/:v2+x+1+\/x2—a:+l,xe]R /
N\ J
Giai :
2
AT HR3TES oy
(z -1)
2— —
Az(:v 20 +1)+5.(z 1)+9=1Jr 5 N 9
(x —1) -1 (z-1)
Dit ¢ = 0
z—1
5 11_11
A=1+t+9 =|3t+=| +—>—
6 6 6
Déu"="xéyrakhit:—§<:> 1 _54,--8
z—1 8 5)
2_
B:3.7)2 8x+6(x¢1)
T —2r+1
2— e —
B=3(m 2z +1)-2(z 1)+1=3_ 2 N 1
(z -1) -1 (z-1)
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Gia trj 16n nhat va nho nhat Nguyén Phi Khanh — Pa Lat

bat ¢t =

,t#0
z—1

B=3-2t+t=(t-1) +22>2
(t-1)

Dau" ="xayrakhi t=1<
-1

Vay min B = 2 khi z =2

N:\/a:2 +x+1+\/x2—x+1,xeR

Bai toan ndy c6 rat nhidu cach giai va toi da gidi thiu trong chuyén dé bat dang thirc. Nhan déy toi
gidi thiéu 5 cach giai doc dao .

Céch 1:

o e e

Trén mit phang toa d6 Ozy xét cac diém A[%,i}, {1 IJ (:U,O)

2 22
i i Duva vao hinhvétacOé N =AC+CB > AB
AC =Nz*+x+1, BO =Nz -z +1

Ma
2 2
AB = l+l +£+£ =2=>AB=¢
2 2 2 2
T Diu"="xayrakhi A B,C thinghang, hay

x=0,nghiala C' =0
Vay min N =2 khi 2 =0

Cach 2: Dung bat dang thirc vecto :
a+ b‘ = N2>

ﬂHz*

Zz+5‘
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Gia trj 16n nhat va nho nhat Nguyén Phi Khanh — Pa Lat

Chon : (?LZ{-Q?-%%;gJ:) = x2—x+1,5z{x+%;§}:‘g‘=\/xz+:1;+1

- — 2
a+b‘:,f12+(\/§) =2=N>2

Dau"="xayrakhi G =b < z =0
Vay min N =2 khi z =0

a

&+B=(1;\/§):>

Cach 3:

Do N =~a? +z+1 4’ —z+ 1,z € R, do d6 goi ta nghi dén bét ding thirc trung binh cong, trung
binh nhan .

Taco: N22%/(1'2—ZE+1)($2+£L’+1)=24Z’4+Z’2+1Z2,:EER

Lo P +r+l=2"—2+1
Dau " =" xayrakhi ¢ , |, <=0
r+x+1=1

Vay min N =2 khi z =0

Céch 4:
{’L‘Q -z+120,Vz e R
Vi

, = N>0,VreR= N =2(2’ +1)+2Vz' +2° +1
r+rx+1>20,VrelR

+1>1 , 5
Doy , . Dang thirc dong thoi xayrakhi  =0,nén N° >4 = N >2
r +x+12>1

Vay min N =2 khi z =0
Céch 5:

DéthéyN=f(x)=\/:z:2+x+1+\/x2—z+1,xe]R 1a ham s chin z e R.

V6i Vz, >z, >0,taco f(a:l) > O,f(z;Q) > 0 nén dau cia f(xl)—f(xg) ciing 1a ddu cia
7o) =1 ()
f (xl)—f2 (xz) == (acf —x§)+2(\/x14 +al +1 —\/:cj + 1 +1).

2 2
x1>x2>0

4 2 4 2
\/xl +1; +1Z\/:1:2+£U2+1

Vix1>x2>0:>{ nén f*(z,) - f*(x,) > 0,v2, >z, >0

Suy ra f(a:l)—f(xz) >0,Vz, >z, >0
Véi x> 0 thi ham s6 () luon ddng bién va & < 0 thi ham s6 f(x) luon nghich bién va f(0) =2

Vay f(ac) dat duoc gia tri cuc tiéu tai z = 0. Do d6 min N =2 khi z = 0.
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Nguyén Phu Khanh — Pa Lat

Vidu 6:

e .
Tim GTLN va NN cua biéu thurc

~

\_

J

\_

Giai :
Vidu7:
/7 7
KTim GTLNcua biéu thirc
e 3z + 62 +10
&’ + 2z +2
M = %,x >0
\_ (x +2000)
Giai
3z° + 62 + 10 4 4
= =3+—=3+——-X<
7’ + 2z +2 z’ + 2z + 2 (z+1)7°+1
Diu " =" xdyrakhi (z+1°=0< z=-1

Vay max A =7 khi z = -1

M=—=2=" 750

(z +2000)*’

1 )
Vix>0nénM>0.Dod6M—)max<:>M—>mm

2 2 2 2
1 _ (g4 2000, L _ £ 222000+ 2000° _ a* ~2.2000z + 200" +4.2000
M T T
2
1 _ (==2000)° 2000 > 8000
M T




Gia trj 16n nhat va nho nhat Nguyén Phi Khanh — Pa Lat

Dau " =" xayrakhi = = 2000
1

min— = 8000 > max M = ——
8000

Vay max M = L khi z = 2000
8000

Vidu 8:
KTim gi4 tri 16n nhat va nho nhat cua biéu thic : N
22 +10z + 3
- 372 +22+1 =R
B 122° 4;81:2:-373;ER
& (2z° +1) j

Giai :

A:2x2+10x+3

2 90 11 VzeR < (34-2)a" +(A-5)z+A-3=0,Vz e R(¥)

. 3A—2=0<:>A=§,VIER
¢ 34-220<= A+ %,Vm € R phuong trinh (*) 1a phuong trinh bac 2 d6i v6i x . Do d6 phuong

trinh (*) c6 nghi¢m néu A =(4-5) ~4(34-2)(4-3)20e 2<A<7

pO | ot

Vay max A = 7,min A :g

B 1222 +8z* + 3
(22 +1)°

zelR

bat tanwu = x\/g,% <z <%

B 3tan’ u + 4tan’ u + 3 B 3cos’ u + 4sin® ucos® u + 3sin’ u 3 sin® 2u

A=9g(u o
o (1+ tan” u)’ (sin® u + cos® u)’ 2
. 5 . 5
ViOSsin22uS1:>§£g(u)33:> mlng(u)__: mmB_E
2 max g(u) = 3 maxB =3

Vidu9:

[[ Cho z° + y2 +2°=1.Tim gi tri 16n nhat va gia tri nho nhat cta biéu thic : T' = zy + y2 + 2. }

Giai :
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1
Taco (a:+y+z)220:>:1:2+y2+z2+2(:ry+yz+za:)20hay1+2T20<:>T2—§

1 1
Dau " =" xdyra ching hankhi z = = T = _T
Vay minT' = 1 hang hankhi z = 0;y 1 1

ay = —— chang han kin =y =

E VAR

2

\Y

(x —

)
Mit khéc < (y — 2)°
)

(2 -

@
IV

0
0= 22 +y° +2°) > 2y +yz + 21) hay 2 > 2T < T <1
0

&
IV

+

Dau " ="xdyra khi z =y =2 =

]
3
V3

VaymaxT =1khi z=y=2=+—

3
Vidu 10:
2
Chirng minh rang véi moi £ > 0,y > 0, taluonco (1+z)(1+y) > (1+\/£) .
Giai :

Ap dung bt dang thic trung binh cong , trung binh nhan.
L N 2\ xy

I+z 1+y 1+z)(1+y)
1 N 1 S 9 1

1+z 1+y (I+z2)(1+vy)

Cong vé theo vé , ta duoc:

2 1 1 2
2> Ty & \/E_F S IT+zy <{JA+2)(1+y) @ 1+x)(1+y) > (1+\/xy)

1+2)1+y) (1+x)(1+y)

Dau " ="xdyra khi z =y >0

Vidu 11:

Cho a > 4, chimg minh rang : a + —217
a

Giai :
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, 1 a 1 1ba
Taco:a+—=—+—+—
a 16 a 16

Ap dung bét dang thirc trung binh cong , trung binh nhan cho hai sé duong 1i va 1 .

a
e 1., /__ / 1
16a 16 a

Maa>4= @>— =—
16 16 4

1 1 1 1
Vafly:a+—=i+—+ﬁ2—7
a 16 a 16 4

Dau " =" xdyra khi a = 4.

Viduy 12:

Cho a,b,c > 0 thoamin a + b + ¢ = 6. Ching minh rang : (1+%)(1+lj[a+l]2%'

Giai :

o a=(1+ 2] s )1 2] ene (B b 2] (Frr i o ok
a c a c a c a’c a0’ c

Ap dung bat dang thirc trung binh cong , trung binh nhan cho hai s6 duong, ta duoc:

3
A21+3+ 3 + 1 :[1+Lj

abe  a*bc?  a’bie? abc
3
Va abcﬁ(a-'_b_wj :8:(1bc£8:L2l
abc 8
3
Vay: A> 1+2 :@.Déu"="xéyrakhia=b=c=2.
8 512

4

(@-y)y+1)"
Ap dung bat dang thirc trung binh cong , trung binh nhan cho bon s6 duong

Cho z >y >0.Ching minh ring : z +

8
2z -2y, y+Ly+,—m
(z—-y)(y+1)
:>2:z;—2y+2(y+1)+#2z4</2(g;—y)(y+1)2#2
(z-y)(y+1) (z-y)(y+1)
@x+1+%24©w+%23
-y)(y+1) (z-y)(y+1)
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Dau " =" xayra khi 2x—2y=2(y+1)=%©$=2;y=1
(z-y)(y+1)

Vidu 13:

Jz — 2007 N Jz —2008
T+ 2 T '

Tim gia tri 16n nhét ciia biéu thuc A =

Giai :

Piéu kién : z > 2008.

a =z —2007 >0 {x+2=a2+2009t ,
,taco:

Pat =
" b=z —2008 >0 z =b* + 2008
a b 1 1
a® +2009 b? + 2008 2009 2008
a+ +—

b
a b

Ap dung bét dang thirc trung binh cong , trung binh nhan
2009 \/— 2008 \/—
a+ > 2+2009,b + ; > 2v2008

a
Dodo A< ! + L
242009 242008
2009
S o= a® = 2009 T =a’+2007
Dau " = " xayra khi SO = ) = x = 4006
b:2008 b= = 2008 z =b"+2008
b
A 1 1 .
Vay max A = + khi z = 4006
242009  2v2008
Vidu 14:
. . T S 1 1
Cho z,y > 0 thoaman z + y = 1. Tim GTNN ctia biéu thirc 4 = ——— + —.
r+y  xy
Giai :
. 1 1 4
Vé6i z,y > 0 talubn co —+ — >
T Yy T4y
A=1+i=1+1+12 4 +1hayAZ42i
r+y xy +y 2xy 2y 4y +2xy 2xy (m+y) xy

2
Métkhécx+y22\/g:xy§@:i
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Gia trj 16n nhat va nho nhat Nguyén Phi Khanh — Pa Lat
, 1
Dodo A>4+——=6

0. 1
4

f , 1
Vay minA =6 khla::y:§

Vidu 15:

Yz '
(@ +y)(y +2)(2+ )

Cho x,1,z > 0. Tim gia tri I6n nhét cta biéu thiac M =

Giai :

Ap dung bét dang thirc trung binh cong , trung binh nhan

x+y22@,y+222\/y7z,z+x22\/5
= ({E + y)(y +z)(z+x) > 81/(xyz)2 = 8xyz
1
8

M Yz sz _ 1
(z+y)(y+2)(z+z) 8Szyz
VéymaXM:%khix=y=z>O
Vidu 16:
Tim GTLN cia bidu thie A = QNC=2HbcNa=3+eavb=4 o0y ) 59
abe
Giai :
Je-2 Va-3 b-4
A= + +
c a b
N (c-2).2 1 MS 1l (c=2)+2 ¢ :\/0—23 1
2 2 22 N R N
Dau " ="xayra khi c—-2=2< c=4.
Tuong tu :
— 1 .
¢ 3S Dau" =" xdyra khi a =6.
a 2\/§
-4 1 1
b < =—.Dau" =" xdyra khi b =8.
b 2\/1 4
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Vay min A = + khla—Gb 8,c=4.

2\/_ 2\/—

Vidu 17:

T Y z

Cho ,7,z > 0 thoa diéukién = +y + 2z = 1. Tim GTLN ctia biéu thirc Q =
z+1 y+1 z+1

Giai :
%%z>0:>l+l+12__2__
r Yy 2z T+Hy+z
x Y Z z+1-1 y+1-1 2z+1-1 1 1 1
= + + = + + =3— + n
r+1 y+1 +1 r+1 y+1 z+1 r+1l y+1 z+1
r+1+y+1+2+1 4 4
£ . 1
Déullzﬂxéyrakhlxzy:z:g
Vay max () 3 khi 2 1
a = — 1 = = = —
ay 1 y S

Vidu 18:

ﬁm gi tri 16n nhat va nho nhét ctia cac ham sb: \

a) f(x) _ 32 _31 trén doan [0;2}
)

x p—
= 2" —22% + 3 trén doan [—3;2]

f( ) =" + 4(1— x2)3 trén doan [—1;1]
f(:z:) B 3z° +10z + 20

K 2 +27+3 j

3z -1
a) f(x): . ,xe[0;2]

Ham sb d3 cho xac dinh trén doan [0;2] .

Taco f'(z) = - <0,Vze|0;2]

(2 -3)
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Gia tri 16n nhét va nho nhat
Béng bién thién

0

Tir bang bién thién suy ra : max f

1 .
fie3 (x) = 3 khi x =0
b) f(a:) =z' -2 +3,x € [—3;2]
Ham s6 d3 cho xé4c dinh trén doan [—3; 2] X

1) = 1(2)-

Béng bién thién
x -3 -1 0
f! (x) - 0 + 0

A N AN

Tir bang bién thién suy ra : r[naﬁcf(x) =66 khi z=-3
-3;2

c) f(a:) =1°+ 4(1 - a;2)3 = [—1;1]
Ham sb dé cho xéac dinh trén doan [—1; 1] .
bitt =2’z € [—1;1] =>te [0;1]

1
- 0+

Nguyén Phu Khanh — Pa Lat

%nlnf( ) 2 khi x=-1z=1

Ham sb da cho viétlai f ()= ¢ +4(1—¢) .t e [0:1] va f'(t) = 3¢ —12(1~ 1) =3(-3¢ +8t-4)

f'<t>o<{ ;fU :

7(0)=1.1(1)=

Bang bién thién
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) || - 0 + : 1
v 4\4 _

Tir bing bién thién suy ra : max f(z)=4 khi £=0  minf(z)= L hi o=+
[-11] [-11] 9 3

32> +10z + 20
d) f(:v)= 2 +2x+3

Ham sb da cho xéac dinh trén R.

lim f(:v) = lim f(:v) =3

T—>—0 T—>+0

Taco: f'(x)= (ii:i:i ;)120 = f(r)=0e
rT=——=y=

Bang bién thién

T —00 ) L +00
2
fz) | - 0+ 0 -

VAN

s . 1 :
Tur bang bién thién suy ra : maxf(a:) =7 khi z = -3 mlnf(:v) = g khi z = -5
Vidu 19:
ﬁ“im gié tri 1on nhat va nho nhat ctia cac ham so: \

a) f(r) = N2> — 4z + 5 trén doan [—2;3].

b) f(x) = 2% — 3z* —|—%x2 —I—i trén doan [—1; 1].
¢) f(x) =~N—2+5z+6.

&d) f(:v\) = (z — 6Nz’ +4 trén doan [0; 3—|. /
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Gié tri 16n nhat va nho nhat
Gidi
a) f(r) = NVz* — 4z + 5 trén doan [—2;3].
Ham s6 da cho xé4c dinh trén [2;3].
T —2

@) = ——

' —4r+5
f(=2) =17, £(2) = 1, £(3) = V2.

Vay :
Ig{a_lzng]f(x) =1 khi z = 2.
rr[lg)g]f(:v) = V17 khi z = 2.

9 1
b) f(z) = 2° — 32" + =2* + — trén doan [-1; 1
)4 (2) L@+ tréndoan [—1; 1
Ham s6 da cho xac dinh trén [—1; 1].
batt 22 t [0;1], = 1; 1 ,taco:

f(t) =t -3t + %t —I—i lién tyc trén doan [0; 1]

1
t ==
:f/(t)=3t2—6t+%=0<:> :2))
t =— 0;1
5 g o)
1 1 3 1
0) ==, fl=|=2, f1) ==
RS LR WURE
Vay :
minf(t):l khi t =0 hay minf(a;)zlkhi z =0
tefos] re[-11] 4
3 ... 1 . V2
%%ﬁf(t) :Z khs t:5 hay zrg[lfaﬁ]f(x) khi x = :|:7.
¢) f() =V—2° + 52 +6.
D =[-1; 6]
Ham s f(z) = N —2° + 52 + 6 lién tuc trén doan [ 1; 6].
-2z +5
fl(@) = ——=
2 —x" + 5z +6
)
' 0 - 1,6
fle 0w 2
5) 7
) =f(6)=0, f|2|=1<
e =1(6) =0 12|

Nguyén Phu Khanh — Pa Lat



Gia trj 16n nhat va nho nhat Nguyén Phi Khanh — Pa Lat

min f(z)=0 khi z =—1z=6

xe[flgﬁ]
Tlg[lfil)é]f(l’) :g khi x = g

d) f(x) = (z — 6Nz’ +4 trén doan [0;3}.

Hamsé y = (v — 6Nz’ + 4 lién tuc trén doan [O; 3} .

y,:2x2—6x+4
V' +4
S 0o lee[O;B}
x=2e[0;3]

y(1) = —5\/7
max y = —3\/E

(

y(0) =

. IEI:O;3}
y(2) = —8\/7 min y = —12

1?6[0;3}
y(3) = -3V13 J
Véymaxy:—f}\/gkhix:B, min y =-12 khiz =0
xe[O;Zﬂ IE[O:B}

Vi du 20:

-

\

a) Tim gié tri 16n nhét ciia céc ham s6: f(z) = [+ +32° — 72z + 90| trén doan [ 55 .
b) Tim gi tri 16n nhat, gi4 tri nho nhat cta ham s f ‘x — 3z + 2‘ trén doan [ —3; 2]

2 — 32% + 1| trén doan [—2;1].

¢) Tim gi tri 16n nhat, gi4 tri nho nhit cia ham s f (:1:) =

°+2c+a— 4‘ trén doan [—2; 1} dat gia tri nho nhat

J

d) Tim a dé gia trj 16n nhat cia ham sb f (a:) =

Giai :

2 4 307 — 721 + 90‘,95- e[-55]

a) f(x) =
Ham s6 dé cho xac dinh trén [—5; 5} .
it g(z) = 2* + 32" — 722+ 90,7 € [ -5;5 |

Taco: g'(x) =32 + 62— 72
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Gi4 tri 16n nhat va nho nhat Nguyén Phu Khanh — Pa Lat

r=-6¢&|-55
9'(e)=0e x=4e[g5;5f
g(4) =-86,9(-5) = 400,(5) =70
:>—86Sg(:v)£400:>0£‘g(:v)‘ <400 = 0 < f(z) < 400
Vay Irer[li;}g]f(x)=400 khi z=-5.
b) f(x) = ‘x?’ — 3z —1—2‘ trén doan [—3; 2]
Ham s d3 cho xé4c dinh trén [—3; 2} .
bit g =z ¥ 3z 2,z  -3; 2
g'(z) 32> 3
g' 0 =z 1 [ 3 2
g( 3) 16, 9( 1) 4, 9(1) 0, g2 4
16 g 4,2 [32 0 |¢g@ 16,2 [ 32
0 f = 16, z [ 3 2]

c)f(a;) z’ -3z +1
Ham sb da cho xé4c dinh trén [—2, 1] .
bat g(x) =2’ -3 +1,z e [—2;1}
g'(a:) = 32" — 6.

z=0
9 (x)z()@[x:ze[—m]
g(—2)=—19,g(0)=1,g(1):—1 suy ra r[nau](g( ) fn
ve[-21]= g(o)e[-19:1] = 7(o) =[o(s) e[ 019
g(()).g(l)<0:5lac1 e(O;l)saochog( 1)—0.

Vay f[nff]ff(x) = IQ,ﬁ%ﬁf(g;) _

trén doan |: :|

ing(x) = -19.

d) f(a;) =

Ham s6 da cho xac dinh trén [—2; 1] .

f(z)=

x2+2x+a—4‘

x2+2x+a—4‘=

(a:+l)2+a—5‘
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Gia tri 16n nhat va nho nhat
Détt=(:r+1)2 e[-21]=te[04]
Tacof ‘t+a 5‘te[04]

2] [0:4] tef 0;4]
a— 5‘ ‘a 1‘©a<3:>maxf(t):‘a—5‘:5—a

tef 0;4]

o a—S‘S‘a 1‘<:>a>3:>ma,xf(t):‘a—1‘:a—1

t[04

b5—a2b5-3=2Va<3
Mat khac = maxf(t) >2VaelR
a—-123-1=2,Va 23 1] 0:4]

Vdy gid tri nho nhdt cia max f(t) =2 khi a =3

te[0;4]

Vidu21:

Nguyén Phu Khanh — Pa Lat

maxf( )<:>f[oijf(t)—max{f(()),f{él}} max{‘a 5‘ ‘a 1‘}

-

Tim gia tri 16n nhat va nho nhat ctia cdc ham so:

a) f(:z:)::zr+\/4—x2.
b) f(m): r+1

= trén doan x € [—1;2]

\_

Giai :

a) f(m):x+\/4—x2

Ham s di cho xéc dinh trén doan [— }

Taco f(s) -1 ﬁ? c(22)
{ C it =

f'(x)()@{ x—;p_ x 0<:E<2

Béng bién thién
I ] -
f(z) -2 2

\2\/5 /v

Tur bang bién thién , ta dugc rr[lax] f (x) = 2\/5 khi x = \/5
re| —2;2

£E=ZE
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Gi4 tri 16n nhat va nho nhat

r+1
096

Ham sb da cho xéac dinh trén doan [—1; 2] .

Tacéf'(a:)le?):f'(x):Oale
,/(mz—i-l)

Béng bién thién .

T -1 2

f'(m) + 0 -

/(2) V2
0/ \ 35

Tir bang bién thién , ta duoe max f () =2 khi 2 =1

;ue[-l;z]

Vi du 22:

Nguyén Phu Khanh — Pa Lat

(a:):() khi © =-1

Tim gié tri 16n nhat va nho nhat cua cdc ham so: y =

\/sinm +\/cosx

Giai :
Xét ham sd g(x) = \/Sin T+ \/COS Z lién tuc trén doan {0,%
\ CcCoS T sinx cosrNcosT —sinx sm T
9'(@) = —F—- = .
2\/8111 T 2\/COS T 2\/SlIl T.COST

9'(5U)=0<:>coszczsinx:>x:%

1
Vay miny = \/7 ,maxy =1
8

Vidu 23:

ar +b

2

Tim c4c gié tri a,b sao cho ham s6 f( ) -
T+

bang —1

c6984 tri 16n nhat bang 4 va co gia tri nho nhat



Gi4 tri 16n nhat va nho nhat

Giai :

Ham s da cho xac dinh trén R.
e Ham s6 c6 gia tri 16n nhat bang 4 khi va chi khi

Nguyén Phu Khanh — Pa Lat

a$+b<4v$eR 47" —ax +4-b>0,Vre R

2 +1 )

3 R.ax(J+b_4<:> 4r° —ar, +4—b=0:cénghiétmx_ < A=a _16(4_b)£0

R S " la=a"~16(4-0)20
0

& a®+16b—64=0 (*)

e Ham s co gia tri nho nhét bang 1 khi va chi khi

ar +b
> _
22+1 LvzeR ' +ar+b+1>20,VreR
@ ax +b <:> 2 b 1_0. Z h'/\
Jz, e R: 0 =_1 r,” +ar, +0+1=0:conghiemx
x02+1

al—4b-4=0 (**)

Tir (*) b (**)tacd he @’ +160-64=0 (*)

4
3 3

o . a=-4 Ja
Vay gia tri a,b can tim la :{b v {b

Vi du 24:

a>—4b—-4=0 (**)ij{lm?)

f s R A o ) Ry o x \ 4
Tim gia tri 16n nhat va nho nhat ctia cdc ham so:
a) f (ac) =1+

b) f(z) =sin'z +cos' x

3sinz

2+cosz

KC) f(z) =sin'z +cos’ z +2

Giai :
3sinzx
a r)=14—"—
) f() 2+ cosx
Ham so6 da cho xac dinh trén R.
Ta co y:f(a:):1+ﬂ<:>y—lzﬂQ(y—l)(2+cosx):3sinx
2+ coszx 2+ cosx
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& (y-1)cosz —3sinz+2(y—1) =0 (*¥)
Phuong trinh (*) ¢6 nghiém khi (y 1) +92 4(y-1) = 4" -2y -2<0 = 1-VB<y<1+43
Vay :mazy = 1 +~3, miny =1-+/3

b) f(a:) =sin' 2 + cos' x

Ham s6 da cho xac dinh trén R.
Ta co

. . 2 . 1. 1.
f(a:) =sin'z +cos'z = (sm2 T + cos’ a;) —2sin*z.cos’z =1- 2(2.§smx.cosxj =1 —531112 2x
Véimoi xz € R, taco

1 1 1 1 1
0Ssin22xS1:>02——811122:52——:>121——sin22:132—hay—éf(x)él
2 2 2 2
1 T V4
min f(x)=— ki v =—+k—
o) =g Hhi o=y

min f () :% khi sin2z =1 hay

maxf(m)zl khi sin2z =0 maxf(x):l khi x:k%
Vi du 25:
/7 . . . N\
/Tim gi4 tri 16n nhat va nhé nhat cta cac ham so: \

a) f(x) = —sin 2z trén doan {—%;7[:|

b _ sinz +1

) f(:z:) sinz +sinz + 1

L J
Giai :

a) f(m):sin4x+0052x+2 =sin’ 2 —sin®z + 3
Ham s6 da cho xac dinh trén R.
Dit t =sin’2,0<t <1

Xét ham sb f(t) =t —t+3te [0;1] flt)=2t-1te (0;1) f'(t) =0t =%
r(0)-0)-5 . 1[5)-4
minf(ac):minf(t):£:2% maxf(x)zmaxf(t)z?;

te[@;l] 4 te[();l]

b) f(a:) =z —sin2z trén doan {—%;7[}
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\ A g~ , . n T
Ham s6 da cho xac dinh trén doan [—5 ; 72}

Taco: f’(a:)=1—2c032x,—%<:v<7z:>f'(x)=0<:>:c=—%,%,%

7[_7[\/_ _7[\/— Y4 57[\/3_ r| 7w B
(-5)- 52l 5T Tl 5) s
Viy max f(x)=5—ﬂ+£ khi x ; min f(x):—— khi x =——

d-Za] 6 2 d-Za]

sinx + 1

) f(x): sin® z + sinz + 1
Datt:smx:>f< ) ﬁ, tel[-1 1]

t+1 .
t) = —— lién tuc trén doan |[—1; 1
(1) £ +t+1 ' n | ]

2

£{t) = (£ 4t +1)
flt)=0et=0€e[-1 1]
f=y =0, 7(0) =1, f(1) = 2.
Vay:

minf(x)— mlnf( )—0 kha sinx:—lﬁx:—g%—kﬁw, keZ

te[-11]

maxf( ):trg[lg%]ﬂ ):1 khi sinx = 0<< x =knm, k€ Z.
Vi du 26:

[ Tim gia tri I6n nhat va nho nhit ctia cac ham so: f(:v) = \/1 +sinz + \/1 +cosz J]

Giai :

l+sinz >0

Ham s6 da cho xac dinh khi
1l+cosz >0

y>0= y2 = sina;+cosac+2+2\/sinx+cosx+sin$cosx+1 (*)

2 -1

bat t =sinx + coszx =\/§sin[az+%j,—\/5 <t< \/5 =>=>sinzcosz =

Khi d6 (*) viét lai f(t):t+2+21/%(t2+2t+1) :t+2+\/§‘t+1‘
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0 (1—\/5)t+2—\/5, néu—2 <t<-1
flt)= )
(1+\/§)t+2+\/5, néu—1<t<2
1-v2 <0, néu—-2<t<-1
()= ,
144250, ndu-1<t<2

Ham sd f (t) khong c6 dao ham tai diém t = -1

Béng bién thién

x —\/5 -1 \/5

f'(t) — +

ONI2E 4+ 232
\1 /

Tir bang bién thién , ta duge max f(z) =4+ 0?2 min f(z) =1
Vidu 27:

Cho ba sé thuc duong a,b, ¢ thoa méan: abc+a+c=b.

2 2 .. 3
a?+1 b’+1 A+1

Tim gia tri 16n nhét ciia biéu thuc: P =

Giai :
< 1 a+c
Tacé:a+c:b(1—ac)>0.Déthéyac¢1:>0<a<—nénb:
c 1-ac
—ac) 2
L po 22 _ 2(1 ac) - 23 _ 22 N 22(a+02) 9y 23
a +1 (a+c)+(1—-ac) c+1 a +1 (a"+1)(c"+1) c+1
Xét
2 2 2
f(x)z 22 N 22($+02) N 23 _2:2(513 -2|-2(::U+220 +1)+ 23 —2,0<x<l
+1 ("+1)(c+1) ¢ +1 (°+1)(c” +1) c+1 c
| ~4c(x” +2cx -1 1
= f(x)= i(xt(’;x ) ,0<zx <=
(" +1)°(c" +1) c

1 / .
Trén khoang (O;Ej : f'(:{;) = 0 conghiémz, = —c + c+1 va f'(:L') doi dau tir duong sang
am khi £ qua Z,,suy ra f(x) dat cuc daitai x = z,

:Vze(o;lj:f(x)s 2 + 3 2 = 2c + 3
c

Crl-cd?+1 ¢+l Jed+1 ¢ +1
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Gia tri 16n nhat va nho nhat

Xet g(C)= 2 3 0
\/024_1 C2+1’
(0) = 2(1-8¢?)
(¢ +1’(Ve? +1 + 3¢)
| ) 0 c>0 1
g(c 1-8¢% = 0 c 2\/5
:>Vc>0:g(c)£ g(L):E_F%:Q
o2’ 3 9 3

-

a =

10
= P < E.Déu "=" xayrakhi {b

- Sl

o
Il

=

Vay gia tri 16n nhit cua P 1a — .

Nguyén Phu Khanh — Pa Lat

Vi du 28:
Ve | ] N\
fTim tham s0 m dé phuong trinh : )
a)r —mNz* +1+1= 0 c6nghiém thuc.
b) mVz* +2 = x + m c6 nghiém thyc.
¢) x ++2z> +1 = m c6 nghiém thuc.
. y,

Giai :

a)z —m~Nz® +1+1= 0 c6nghiém thyc.

r—mNzP+14+1=0&m= z+1 :f(3:>

+1
Ham sd f(a;)z a:2—|—1 lién tuc trén R . Ta co:
- +1

/(z) — 1—=2x
fta) (2 + D)V +1

fllz)=0&2=1
Gi6i han :
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x 1+1]
fim J(@) = Jim —-—te > lim f(x) =1, lim J(2) = 1
2|y +
T
xr  —op +0
f'(:v) + 0 -
1 1

Dua vao bang bién thién ta thdy —1 < m < /2 1a gid tri m cin tim.

b) mVz* +2 = z + m cb nghiém thyc.

m x2+2=x+m®m:ﬁ=]‘(aj)
x
f(x)_\/a;2+2—1

Taco V2 +2>V2>1=2ve2 +2-1>0=>D=R.

Jo o1
f(z) = Va? +2 _ 2—Va? +2

(V372+2—1)2 _\/x2+2(\/x2+2—1)2
fz)=0% 5[324_2:2(:)x::t\/§:>f(—\/§):—\/§7f(\/§):\/§

Gi6i han :

< = lim f(x)z—l, lim f(x):—i—l.

2 1 T——00 T—+00
P

Vay f(;v)max = \/5, f(m)min - V2= 2 <m< V2.

lim f(a;) = lim

|«

¢) z +2x* +1 = m c6 nghiém thuc.

Xét ham s f(a:) =1z ++V22* +1 lién tuc trén R.
Ta co:
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Gi4 tri 16n nhat va nho nhat Nguyén Phi Khanh — Pa Lat

2z

Vv2z® +1
—2z >0
fllz)=0e V2’ +1=-21 & "t (:)xz—ﬂ

222 +1 = 4z2? 2

fz)=1+

Gidi han : lim f(:v) = 400

z—+00
(\/2x2+1+x)(\/2x2—|—1—x) 22 +1

lim f(x)z lim = lim
T——00 T——00 2 _ T——00
V22t +1 -2 B \/2+12+1
x
1
T+ —
liI_n f(x): liI_n L = +00

[ 1
2+ +1
T

éminf(x)zgéf(x)zg,VxeR.

Vay voi m > ?2 thi phuong trinh ¢6 nghiém thyec.

Vi du 29:
a)Tim m dé phuong trinh sin?2 — sinz +m = 0 (1) c6 nghiém thudc doan | —; s .
b)Tim m dé phuong trinh tanz — mcotr = 2 (2)0(’) nghiém.
Giai :
I

a)Tim m dé phuong trinh sin?z — sinz +m = 0 (1) c6 nghiém thudc doan

s

Vé6i z € E; %T é—%ﬁsinxﬁl.

bat t = sinx,—% <t<l1.
Khi d6 phuong trinh (1) < m = —* + 1, —

Xét ham sb f (t) = —t* + ¢t lién tuc trén doan

Fl(t)=-2t+1
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flt)=0et=cc

f'(t) >0t € _%é = f(t) déngbién trén doan —%;%
f'(t) <0 € [%;1} = f(t) nghich bién trén doan %;11

f'(t) + 0 -
(1) ‘%\ !

Duya vao bang bién thién ta thay

Nguyén Phu Khanh — Pa Lat

3 1 1 1 3 1
—— < flt)S=—=>te|——=;1|:m=f(t)=>te|——;1|:——<m<—
TREAUAS {Q}mf() {2}47”4
Suy ra (1) c6 nghiém z € z; 7—7T <:>—§§m§l.
6 6 4 4
Cach khac:
2
(1)<:)t2—t:—m<:)l—m= ——
4 2
2
D0—1§t§1<:>—1§t—1§1<:>0§ If—l §1nén:0§l—m§1<:>—§§m§l.
2 27 2 2 4 4 4

b)Tim m dé phuong trinh tanz — mcotr = 2 (2)cé nghiém.

batt =tanz =t =0

Phuong trinh (2)<:> t—%zQ S m=1t —-2tt=0.

Xét ham s6

flt)=1t =2t =0

ft)=2t—2

ft)=0et=1

f'(t) < 0,t € (—oo;O),(O;l) = f(t) nghich bién trén khoang (—oo;O)vé(O;l).
f'(t) > 0,1 € (1;—|—oo) = f(t) dong bién trén khoang (1;+oo).

t - 0 1 +00

f'(t) - - 0 +
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f(t) +00
\ /

Dua vao bang bién thién ta thay f > -1,Vt # 0 = m > —1thi phuong trinh (2) c6 nghiém.

Binh luan : cach giai dudi day sai .
batt = tanx =t = 0

Phuong trinh (2)<:>t—%:2<:>m:t2—2t<:>m:(t—1)2—12—1 hay m > —1 <a>
Mitkhac: ¢ = 0= m =0 (b)
Tu (a)(a) va (b)ta suy ra (2)06 nghiém < —1 < m = 0 (sai) !!!.

Vi du 30:

a )

a) Tim m dé phuong trinh m(cosz — sinz) + sin2z = 0 (3) c6 nghiém thudc khoang [g, w] .

) T
b) Tim a dé phuong trinh: az? +1 = cosz co ding mot nghiém x € (0;5).
\_

Giai :

a)Tim m dé phuong trinh m(cosz — sinz) + sin2z = 0 (3) c6 nghiém thu¢c khoang [g, 7T].
Pit t = cosz —sinz = \/Ecos[x —1—2] = sin2z =1—#°.

Taco: z € <0

T T T bm
— T =-—<z+—-<—=—-1<cos
4 2 4 4

= —\/ng/icos[x—kg

™
T+ —
4

<0=>2<t<o.

Phu:ongtrinh(B)@mt+1—t2:0@mt=t2—1<:>m:t—%:f(t),—x/i§t<0
Xét ham sb f(t) = t—% lién tuc trén nira khoang ¢ € [—V/2; 0)
f/(t)=1+tl2>0,we{—\/§; 0)

f(2) = —g lim f(t) = +o0.
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Gia trj 16n nhat va nho nhat Nguyén Phi Khanh — Pa Lat

Vay (3)0(’) nghiém & m > _%'

Chit j: , ,
Ta c6 thé dung bang bién thién ciia ham so f(¢):
t /2 0
7o
f (t) ~+00

2

, T
b) Tim a dé phuong trinh: az’ +1=cosz co ding mot nghiém x € (0;5) .

D@ thdy dé phuong trinh ¢6 nghiém thi a < 0

.2

sin” —
L . cosx —1

Khi d6 phuong trinh & ——=a <&

)

Xéthamso : f(t) = Sl?t , bt e [O;%j

B t.cost—sint_COSt(t-tant)

(%) 5 5 <0, Vte (0;1) = f(t) nghich bién trén khoang
t t 4
4
.92
sin” —
Ma f(£)=ﬁ , im f(t) =1= EALI f<1 = B 2 <1 Voe (D)
4 /A t—0 T 2

A U 4 8 1
Vay phuong trinh ¢6 diing mot nghiém z € (0;—) <& — <20 <1 & ——<a<——
2 72'2 2 72_2
Vidu 31:

a)Tim m dé pt sau c6 nghiém: \/:172 +:L’+1—\/a:2 —rz+1l=m

b) Cho phuong trinh 2% +32° =62 —az® — 622 + 32 +1 = 0. Tim tat ca cic gia tri cua
tham sb a , dé phuong trinh ¢6 dung 2 nghiém phan biét.
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Giai :

) Tim m dé pt sau c6 nghiém: \/332 +SL’+1—\/£L’2 —z+1l=m

Xét ham sb f(x):\/x2+x+1—\/x2—x+1 co tap xdcdinhla D = R.
2x+1 2x -1

f'(z) = -
Wil +z+1 Wil —z+1
Vif'(z)=0e Qe+iNa’ —z+1=(20-1)Va’ +z+1 (1)

:(m%j [(x—%)2+%]=(x—%j (r+ P+ e z=0

>0,VreR

Véi = 0 , phuong trinh (1) khong thod man . Nghia la f '(x) = 0 vo nghiém va
f'(O) =1>0= f'(x) >0,VzreR.

Mit khac : limf(z) = lim 22 = Llimf(z) = -1
o0 x_>+°°\/x2+:r:+1+\/:r:2—x+1 T
x —0 +0
I'() +
/() !
-1

Dua vio bang bién thién ta thdy —1 < m < 1 13 gid tri m can tim.

b) Cho phuong trinh 2% +32° — 62" —az® —62% + 3z +1 = 0. Tim tit ca cic gia tri ctia tham s6
a , & phuong trinh c6 dung 2 nghiém phan biét.

Vi x = 0khong phai 14 nghiém phuong trinh. Chia hai vé phuong trinh cho z° ta duoc
1 1 1

(23 + —3) +3(z% + —2) —6(x+—)—a=0 (1).

x

Hh Hh

1
Pit: t=1+— <> 2> —tz+1 = 0. Phuong trinh c6 nghiém khi A=1> -4 > 0 < ‘t‘ > 2.
T

Phuong trinh (1) < t(t* —3)+3(t* —=2) -6t =a < > +3t* =9t =a+6 (2)
® Véi t = 22 thi phuong trinh cho ¢6 mot nghiém.
o Vi ‘t‘ > 2 thi v6i mdi gi trj cia ¢ thi o 2 gidtrj  .Do d6 phuong trinh (1) ¢6 ding hai nghiém

phan biét thi phuong trinh (2) c6 diing 2 nghiém ¢ = £2 hodc c6 dung 1 nghiém ‘t‘ > 2
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2=a+6
Néu phuong trinh (2) c6 déng 2 nghiém ¢ = +2 = vO nghiém
22=a+6
Néu phuong trinh (2) c6 déing 1 nghiém ‘t‘ > 2.
Xét ham sé f(t) = ¢> +3t> = Ot |t > 2
£1(t) = 3t* +6t—9 =3(t—1)(t + 3)
t=-3¢ (—oo;—2) U (2;+oo)
') =0«
t=1¢ (—oo; —2) v, (2;+oo)
x -0 -3 -2 1 2 +00
f'(z) + 0 - .
f(x) 27 +00

Dua vao bang bién thién dé phuong trinh (2) c6 ding mot nghiém ‘t‘ > 2 khi va chi khi
2<a+6<22< 4<a<16

Vidu 32:

Tim m dé phuong trinh: m(\/m2 —-2r+2 +1j +2(2-2)<0 (2) c6 nghiém z € [O,1+\/§]

Giai :

Pit ¢ = Va? — 27 +2 <:>t2—2:x2—2x,xe[0;1+\/§}:>1£t£2

t+1

Bt phuong trinh (2) o m < A<t< 2(*)

Dé phuong trinh (2) cod nghiém z € [0,1 + \/g } khi va chi khi phuong trinh (*) c6 nghiém trong doan

[ 1;2] khi d6 m < max g(t)(* *).

te[1;2]

2
Xétham sé g(t) = P lién tuc trén doan 1 < ¢ < 2 ,tacod
+
2
°+2t+2 N =
g(t) _LrArs 0,Vte [1;2} = g(t)df)ng bién trén doan [1;2]
(t +1)°
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(* *) < m < max g(t) = g(2) = 2

te[m] 3
Vidu 33:
. 2 . -4 4 2 T
Tim m dé phuong trinh: sin™ x + cos™ x + cos” 4x = m(3) cé nghiém z € {—Z,Z}
Giai :

3+ cosdx
—+

Phuong trinh (3) = cos’4z = m < 4cos Az + cosdz = 4m — 3(0,)

bat t = cosdzx,x € —ZE :>te[ 1;1_
474 -

Phuong trinh (a) SA +t=4m -3t e :—1;1}(b)

Phuong trinh (3) cod nghiém z € {—%;% khi phuong trinh (b) co nghiém ¢ € [—1; 1].

Xét f(t) = 4t* + ¢ lién tuc trén doan [—1;1] ,taco f'(t) =8t+1

1
f(t)=0et= -5 € [-1;1].

t -1 L 1
8
(1) + 0 -
f(t) 3 5
16
47
Duya vao bang bién thién suyra: ——<4m -3 <5 & o1 <m<2

Vi du 34:

Cho parabol (P ) = 2% va diém A( 3; 0). Xéc dinh diém M thudc (P ) sao cho khoang cach
AM 14 ngan nhét ; tim khoang cach ngin nhét dé.

Giai :

0770

Goi M(xo;yo) € (P) = M(:z: X )

(]

2
=AM = \/x +3 ) :\/x(]4+a:02+6x0+9
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2r  +x +3
d' — 0 0 d' =1
(%) \/:r04 + xoz + 6x0 +9 (%) = %o

d' (azo)déi déu tir Am sang duong khi r,diqua r, = —1. Ham s6 d (% ) dat cuc tiéu tai T, = -1,

d(-1)=5 . Piém M(-1;1) € (P)la diém dé khoang cich AM = J5 14 ngén nhét.

BAI TOAN UNG DUNG THUC TE
Vidu I:

Nguoi ta dinh [am moét cai hop kim loai hinh try c6 thé tich V cho truge . Tim ban kinh day r va
duodng cao hcua hinh try sao cho it ton kim loai nhat .

Giai :

Goi 14 ban kinh day . Dé hop kim loai hinh try c6 thé tich V = 72’k thi hidu cao ctia hop 1a h = LZ
Tr

Luong kim loai dé 1am hop bang dién tich toan phan caa hop : S (x) =27z’ + QEI.LQ, x>0
X

SubiénthiéncﬁaS(m) S'(z) 2(27[:1:—5} S'() ng:g

S ( d01 dau tir Am sang duong nén ham ) S( ) dat diém cuyc tiéu tai z = 13/1 .

2z
Vay r = #_ =3 ﬂ

Vidu 2:

Chu vi cia mot tam giac 1a 16 (cm) , d0 dai cia mot canh tam gidc 1a 6 (cm) Tim hai canh con lai

cta tam gidc sao cho tam gidc c¢6 dién tich 16n nhat .

Giai :

Goi1 mdt canh con lai ciia tam gidc 1a z, canh con lai tho haila y,taco 2+ y+6=16=>y=10—2
Di¢n tich tam gi4c : (theo cong thirc hérong).

:\/p(p—G)(p—z)(p—y) = 4\/(8—93)(8—y) =4\/—x2 +10z -16,0 <z <10

5—x
S'(z) = S z)=0 2 =5
()=1 J=2* +10z - 16 (0) =0

S (x) d6i dau tir duong sang &m nén ham s6 S (az) dat diém cuc dai tai = 5. Dién tich tam giac lon

nhat khi mdi canh con lai dai 5 (cm) Khi d6 dién tich 16n nhét : S (x) =12
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Vidu 2:

Mot hop khong nip duge lam tir mot manh cacténg . Hop co day 1a hinh vudng canh z (cm) ,
duong cao la h (cm) va c6 thé tich 1a 500c¢m®. Goi S (x) la dién tich ciia manh cactong. Tim

x(cm) sao cho S(x) nho nhét .

Giai:
211 A 1s 2 3 500
Thé tich hinh hop la V = z°h = 500(cm ) = h=—,2>0
x
A ‘o T A 1a 2 » 2000
Dién tich ciia manh cactong dung lam hinh hop la : S (a:) =x" +4zh =2 + ,x >0
x

Bai toan trd thanh tim = > Osao cho tai d6 S (:13) dat gid tri nho nhét .

2000  2(«* - 1000)

2 2
X x

S'(m):0<:>a::10

Ta co S'(:L‘)=2x ,x>0

Bang bién thién cta S (a:) trén khodng (0; +oo)

z 0 10 +00
S'(m) - 0 +

S(x) \ - /

Vay 2 =10(cm) thi min S (z) = 300.

Vidu 3:

Cho mot tam giac déu ABC canh a. Nguoi ta dgng mot hinh chit nhat MNPQ c6 canh MN nam
trén canh BC , hai dinh P va @ theo th&r tr ndm trén hai canh AC va AB cua tam giac . Xac dinh
vi tri diém M sao cho hinh chit nhat c6 dién tich 16n nhat va tim gia tri 16n nhét do.

Giai :
BejtBM:x,0<a:<%:>NM:BC—QBM:a—Qx

Trong tam giac vuong BM (@) c6 tan QBM = g—% = QM = BM.tan QBM = I\/g
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Dién tich hinh chit nhat MNPQ 1a S (w) = MN.QM = (a - 2x)xJ§

Bai toan quy vé : Tim gia tri lon nhit cia S(:r) = (a - Qx)x 3,x € [0;%}
S'(x)=_4\/§$+a\/§»$€{0;ﬁj S'(z):()@x:ﬁ

2 4
Béang bién thién cua S (:1;) trén khoang (0;%}

T 0

o[kl
2o |

S'(m) +

5(2) o3

2
a

Vay dién tich hinh chir nhat 16n nht 13

3 khiz=2
4

Vidu 4:

Khi nubi ca thi nghiém trong hd ,mdt nha sinh hoc thay rang : Néu trén mdi don vi dién tich ctia mit
h6 ¢6 n con ca thi trung binh mdi con ¢4 sau vu can ning P (n) =480 - 20n ( gam) . Ho1 phai tha

bao nhiéu ca trén mot don vi dién tich ciia mat ho dé sau mot vu thu hoach dugc nhiéu nhat ?.

Giai :

Néu trén mbi don vi dién tich ciia mit hd ¢c6 n con ca thi sau mot vu , sd ca trén mdi don vi dién tich
mit ho trung binh can ning : f(n) = nP(n) = n(480 - 20n),n eN

£'(n) =480 - 40n f'(n)=0en=12

Vay dé thu dugc nhiéu nhét sau mot vu thu hoach can tha mdi don vi dién tich mat hd 1a n = 12 con ca.

Vidu 16:

Trong cac hinh chir nhat c6 chu vi la 40 (cm) , hdy cac dinh hinh chit nhat c6 dién tich 16n nhét.

Giai :

Goi mot canh bat ky cua hinh chir nhat c6 chiéu dai z (cm) . Téng chiéu dai hai canh la 20 (cm) . Chiéu
dai canh kia 1a 20 — z (cm) . Dién tich hinh chit nhat 1a : s(g;) =z (20 - x),() <z <20
S'(z)=20-22,0 <z <20 S'(x)=0<:>x=10
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Dién tich hinh chir nhat 16n nhat khi z = 10. Trong céac hinh chir nhat chu vi 40 (cm) , hinh vudng canh

10(cm) 6 dién tich 16n nhét bang 100(cm2)

Vidu5:

Cho m6t tim nhém hinh vudng canh « . Ngudi ta cit & bén goc bon hinh vudng bang nhau , rdi gap
tam nhom lai dé dugc mdt cai hop khong nap . Tinh canh cia cac hinh vuong bi cat sao cho thé tich
cua khoi hop 1a 16mn nhat .

Giai :

Goi z (0 <zr< %j la d6 dai ctia canh cta hinh vuéng bi cit .

Thé tich cua khéi hop 14 V = z(a —2¢) ,0 <z <%:> V'=(a~2¢)(a~62),0 <z <§

(a—2:1:)(a—6m):0 o= a

a

= 6 > maxV =V]|—
a ’ 6

O<LL’<E a—2x>0 O<z<y

=>V'=0& =
27

Vidu 6:

1) Trong s6 cac hinh chit nhat ¢6 cing chu vi 16¢m , hiy tim hinh chir nhat ¢6 dién tich 16n nhét .
2) Trong sb cac hinh chit nhat c6 cung dién tich 48m?, hdy tim hinh chit nhat c6 chu vi nho nhét .

Giai :
‘ o z,y >0 O<z,y<8
1) Goi x,yla dd dai hai kich thudc cta hinh chit nhat , ta c6 :

2(:13+y):16<:> y=8-—-=x

Dién tich hinh chit nhat 1a Szxyzx(S—x)sz—x2,0<x<8:>maszlG khi o=y =4

O<z<8

2,y >0 x,y >0
2)  Goi z,yla do dai hai kich thudc cta hinh cht nhat, ta o : 48 = 48
x

4
Chu vi cia hinh chi¥ nhat 13 p = 2( + ) :2£x+—8],x > 0= minp =p(4J§) ~16v/3
T >

BAI TAP TU LUYEN

1. Tim gié tri 16n nhat va nho nhit ctia cac ham sb sau day :
a) f(x) =2’ + 2z -5 trén doan [—2;3}
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3

=+ 1 trén khoang (0; +oo)
x

)

/()
d) f(x) = —2% + 2z + 4 trén doan [2;4]

()

)

)

= # trén doan [0 : 1}

2. Tim gié tri 16n nhat va nho nhat cua cic ham so sau day :

a) f(x) =2 + 32> — 9z + 1 trén doan [—4;4}
b) f(x) =12’ + 5z — 4 trén doan [—3;1]
c) f(x) ="' —82* +16 trén doan [—1;3}

()

d) f(z)=2’ -3z +3 trén doan [—3;%}

e) f(m) = j2 trén nira khoang (—2;4}
x
(

=
~~

) f(CU) =z+2+ trén khoang (1; +oo)
I —
9) f :z:) =2vV1-2" trén doan [—1;1}
)

(ac = x —sin 2z trén doan {—%;71’:|

3. Tim gia tri 16n nhat va nho nhat cua cdc ham so sau day :

a) f(x) 2sin” z +sinz — 1

b) f(z) = cos” 2z - sin z.cos x + 4

¢) f(z)=cos’z—6cos’ & +9cosx +5

d) f(z) = sin® & - cos 2z + sinz + 2
e) f(z) = V1+2sing +V1+2cosz

f(a:) sin’ z + /3 cosz

4. Tim gia tri 10n nhat va gia tri nho nhat ctia ham sb :
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y=1' —6ma” +m” trén doan [—2;1].

T 2\/;
y=— + -2
- +4z+4 x+2

y= 22° —3z* =122 + 1 trén doan {—2;%}
2 A T
y =x+cos” z trén doan {0;5}

y =+V2cos2z + 4sinx trén doan {O;%}

y = z°.Inz trén doan [1; eJ

5. Do giam huyét ap cua mot bénh nhan dugc cho boi cong thic G (:1:) =0,0252" (30 - :z:) trong do

x (mg) 1a 1idu lwong thude duge tiém cho bénh nhan . Tinh liéu lwong thude can tiém cho bénh nhan
dé huyet ap giam nhi€u nhat va tinh d6 giam do .

Hudng dan

G'(m) =0< zr=0x=20, G"(ZO) < 0. Luong thudc can tiém dé giam huyét ap nhiéu nhét 1a
20(myg) . D giam huyét ap 1a G (20) = 100.

6. Mot con ca hoi boi ngugc dong dé vuot mot khoang cach 1a 300km . Véan téc nudce 1a 6km / b . Néu
van tc boi cta ca khi nuée dimg yén 13 v (km / h) thi nang lugng ti€u hao cua ca trong ¢ gio dugc cho
boi cong thire F (v) = cv’t, trong d6 ¢ 1a mot hang s6 , F/(J ). Tim vén téc boi clia cé khi nuéc dimg

yén dé nang luong tiéu hao 12 it nhat.
Hudng dan :

Van toc ca khi dong nude dimg yén 1a v (km / h) , thi van tdc cta ca khi nguoc dong nude 1a
v—6 (km / h)
300

Tho1t gian cta ca boi nguge dong voi khoang cach s = 300km1a ¢ = 5
o —

Nang lugng ti€u hao cua ca
3 2
E(v) = cv’t = cv3ﬂ (J),v > 6= E'(v) = 3OOCM
v—06 (U _ 6)
7. Sau khi phat hién mot bénh dich, cac chuyén gia y té wéc tinh s6 ngudi nhiém bénh ké tir ngay phat
hién b¢nh nhan dau tién dén ngay thtr ¢ 1a f(¢) =45t —¢* , t €[0;25]. Néu coi f(t)1a ham s6 xdc

= minE(v) khi v =09

dinh trén doan [O; 25} thi dao ham f' (t) dugc xem 14 toc do truyén bénh (ngudi/ngay) tai thoi diém¢ .
a) Tinh tdc d6 truyén bénh vao ngay thir nam .

b) Xac dinh ngay ma tde do tmyén bénh 14 16n nhat va tinh téc do do.

¢) Xac dinh cac ngay ma téc d6 truyén bénh 16n hon 600.
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d) Xét chiéu bién thién ctia ham sé f (t) trén doan [0;25] .

Huéng dan :

F(t)=45t—¢" , tef[0;25]

a) f'(t)=3t(30—t):>f'(5)=375

b) f"(t)=90—6t:maxf'(t)zf'(15)=675

¢) f'(t)=3t(30—t)>600<:>10<t<20

d) f'(t)=3t(30-1)>0,0<t<25=Hamsd f(t) dong bién trén doan | 0;25].

—

8. Hinh thang can ABCD c¢6 ddy nho AB va hai canh bén déu dai 1m . Tinh goc a = DAB = CBA sao

cho hinh thang c6 dién tich 16n nhét . Tinh dién tich 16n nhit d6.Gia st ADC = 2,0 < z < %

Huéng dan :
AB+CD
AH 1 CD,AH =sinz;DH =cosz;DC =14+ 2cosx = S = %CAH = (1 + cos:c)sinx,() <x< %
9. Trong cac tam giac vuéng ma canh huyén c6 do dai canh bang 10cm , hiy xac dinh tam giac c6 dién
tich 16n nNhét .
Hudng dan :
Goi z,yla do dai hai canh goc vudng cta tam giac vuong c6 canh huyén bang 10cm, 0 < z < 10,

O0<y<1l0va S =%:L‘y(cm2) = 5 =i(xy)2 =ix2 (100—:1;2),0 <z <100 véi 2 + 3> =100

10. Mot hanh lang gitra hai nha c¢6 hinh dang cia mot lang try dung . Hai mat bén ABB'A' ACC'A' 1a
hai tm kinh hinh chit nhat AA' =20(m),A'B' =5(m),BC = z(m).

a) Tinh thé tich V ctia hinh ling tru theo z
b) Tim z sao cho hinh ling tru c6 thé tich 16n nhét va tinh thé tich 16n nhat d6 .

Huéng dan :

V=510 27,0 <7 <10 = max V= v (5v2) = 250.
ze(0;10

Giai h¢ phuong trinh :

r—y SInT
et 7Y =

sin y
sin 2y —cos2y=sinx+cosx —1

T
z,ye| 0;—

115



